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Some years ago Aerts et al. [1] presented a macroscopic model in which the amount of non-
locality and indeterminism could be continuously varied, and used it to show that by increasing
non-locality one increases, as expected, the degree of violation of Bell’s inequality (BI), whereas,
more surprisingly, by increasing indeterminism one decreases the degree of the violation of BI.
In this note we propose a different macroscopic model in which the amount of non-locality and
indeterminism can also be parameterized, and therefore varied, and we find that, in accordance with
the model of Aerts et al., an increase of non-locality produces a stronger violation of BI. However,
differently from their model, we also find that, depending on the initial state in which the system is
prepared, an increase of indeterminism can either strengthen or weaken the degree of violation of BI.
I. INTRODUCTION
In [2] Aerts constructed an remarkable macroscopic
model in which he could operationally define coincidence
experiments violating (the CHSH version of) Bell’s in-
equality (BI), with exactly the same numerical value 2
√
2
as the one obtained in typical coincidence experiments
with entangled microscopic entities in a singlet state [6, 7]
(which corresponds to the maximal violation obtainable
in quantum mechanics [3]). Subsequently, the model was
generalized in [1], with the introduction of two parame-
ters, , ρ ∈ [0, 1], quantifying the degree of indeterminism
and of non-locality present in the model, respectively.
More precisely,  = 0 corresponds to the classical sit-
uation of absence of indeterminism, whereas  = 1 to
the situation of maximum indeterminism, typical of pure
quantum systems. On the other hand, ρ = 0 corre-
sponds to the situation of maximum locality, when the
two pairs forming the double-system are totally discon-
nected, whereas ρ = 1 corresponds to the opposite situa-
tion of perfect correlation.
The authors of [1] obtain that BI can only be violated if
ρ 6= 0, and that the violation takes its maximal numerical
value 4 when ρ = 1 (maximum correlation) and  = 0
(minimum indeterminism). Also, they find that for any
ρ ≤ 1/√2, it is always possible to restore the validity of
BI by increasing , whereas this is not any more possible
if ρ > 1/
√
2.
To sum up, the study of the model described in [1]
has showed that the source of the violation of BI is the
existence of a non zero correlation between the two pairs
forming the double-system (ρ 6= 0), whereas the only
effect of increasing the level of indeterminism (increasing
) is to decrease the value the inequality can take.
The purpose of the present paper is to analyze a dif-
ferent macroscopic model in which two parameters  and
∗Electronic address: autoricerca@gmail.com
ρ will also be introduced, as in [1], to continuously vary
the level of indeterminism and non-locality (correlation).
This will allow us to confirm that a non zero correlation
(ρ 6= 0) is the necessary condition for the violation of the
inequality. However, we will also show that by increasing
the indeterminism (increasing ) we can either increase or
decrease the value BI can take, depending on the state
in which the system is prepared before the coincidence
experiments.
II. BELL’S INEQUALITY
Before describing our macroscopic model, we briefly
recall the expression of Bell’s inequality (BI). [4, 5]. On
a given physical entity, we assume that four different ex-
periments can be performed: eAa , e
A
a′ , e
B
b and e
B
b′ . We
call oAa , o
A
a′ , o
B
b and o
B
b′ the outcomes associated to these
four experiments, which can only take the values +1 or
−1. We also assume that experiments eAa and eAa′ can
be performed together with either of experiments eBb and
eBb′ , so defining additional coincidence experiments: e
AB
ab ,
eABab′ , e
AB
a′b and e
AB
a′b′ . To every coincidence experiment
eABcd , c ∈ {a, a′}, d ∈ {b, b′}, we can then associate the
expectation value EABcd of the product of outcomes o
A
c o
B
d ,
by:
EABcd =
∑
PABcd (oAc , oBd )oAc oBd
= +PABcd (+1,+1) + PABcd (−1,−1)
−PABcd (+1,−1)− PABcd (−1,+1), (1)
where PABcd (oAc , oBd ) is the probability that the coinci-
dence experiment eABcd yields the outcomes (o
A
c , o
A
d ).
Under certain hypothesis (usually referred to as Bell
locality, which have to do with the existence of hidden
variables independently determining the experiments’
outcomes), one can prove the following (Bell) inequal-
ity [4, 5]:
I ≡ |EABab − EABab′ |+ |EABa′b′ + EABa′b | ≤ 2. (2)
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2Inequality (2) is generally violated by quantum sys-
tems in entangled states, like for instance those formed
by two spin-1/2 entities in a singlet (zero) spin state, for
which one can show that I = 2
√
2 > 2. [6, 7] This means
that entangled quantum systems generally violate Bell’s
locality assumption, a fact which remains true even when
the two subsystems are separated by a very large spatial
distance. In other terms, no local physical theory in the
sense specified by Bell can agree with all statistical im-
plications of quantum mechanics, and spatial separation
is not a sufficient condition for experimental separation.
III. A ROLLING PRISM
Let us consider a solid object, of homogeneous den-
sity, shaped as a rectangular n-prism (n even), i.e., as
a polyhedron formed by n identical parallelogram-faces,
and two lateral regular polygon-faces with n sides (see
Fig. 1 for the case n = 6, of an hexagonal prism).
 
FIG. 1: An hexagonal prism, placed on a flat surface on one
of its six rectangular faces, showing here a “-” upper face.
We consider the prism as a special kind of die with n
faces, which can be rolled on a flat surface (perpendicular
to the gravitational field), along a given “roll-direction,”
parallel to the two short sides of the rectangular upper
face (see Fig. 1). Each rectangular face of the prism
shows either a symbol “+,” or a symbol “−.” The “+”
symbol is only printed on 2 parallel (opposed) rectangular
faces of the prism, whereas the symbol “-” is printed on
all the remaining n− 2 rectangular faces.
We also assume that the “+” and “-” faces are made
of different materials. The two “+” faces can slide with
an extremely low friction on the flat surface, whereas the
n − 2 “-” faces present a very high coefficient of friction
with respect to it. Considering that the upper and lower
faces of the prism always present the same symbol (and
therefore are made of the same material), we have that
when the prism presents a “+” upper face, it can slide
with almost no friction, whereas it cannot do so if the
upper face has a “-” symbol.
In the following, when the prism presents a “+” (re-
spectively, “-”) upper face, we shall simply say that it
is in state (+) [(respectively, state (-)]. Let us now de-
scribe what we shall call a rolling experiment with the
prism. It consists in placing a specific shooter (similar
to a “flipper ball shooter”) behind the prism, along the
roll-direction, pulling firmly its knob and then releasing
it, thus communicating to the prism an a priori unpre-
dictable impulsion (see Fig. 2). One then waits until the
prism stops completely, and read the symbol on its upper
face. If it is a “+’,” the outcome of the experiment is the
value +1, otherwise the value −1.
 
roll-direction 
FIG. 2: In a rolling experiment the experimenter hits strongly
the prism (here with six rectangular faces) with the shooter,
along the indicated roll-direction, causing it to roll or slide,
according to its initial state.
If the prism is in state (+), then, because of the very
low friction of the face in contact with the surface, it will
not roll, but only glide on it, until all translational kinetic
energy will be converted into heat. Therefore, the rolling
experiment will not change the prism’s upper face, and
the outcome will be +1, with certainty.
On the other hand, if the prism is in state (−), then the
face in contact with the surface will present an extremely
high coefficient of friction with it, so that the prism will
not anymore slide but roll (i.e., rotate around its longitu-
dinal axis). Typically, most of the energy communicated
to it by the shooter will be initially transformed into rota-
tional kinetic energy, then, because of the positive work
performed by the friction forces, the rotational energy
will be gradually transformed into translational kinetic
energy and heat, and of course in the end the prism will
stop and show a specific upper face. However, the prism
will roll only for as long as the non-elastic effects asso-
ciated with the rolling frictions remain lower than the
sliding frictions, since in this case the prism requires less
energy to be moved by rolling than by sliding. But since
two of the n faces involved in the rolling movement (those
with the “+” symbol) present a very low sliding friction,
it is highly probable that the prism will conclude its run
sliding on one of them, before it will ultimately totally
stops.
In other terms, apart from exceptional circumstances,
which we can simply ignore not to complicate unnecessar-
ily our discussion, we can ideally assume that, following
a rolling experiment, if the initial state is (−) then the
final state will be (+), with certainty. So, our prism is so
conceived that, independently of its initial state [(+) or
(−)], the outcome of a rolling experiment will always be
+1 [i.e., its final state will always be (+)].
3IV. A DOUBLE-PRISM SYSTEM
We now consider two identical n-prisms, and use them
to construct an entangled system by connecting them
through space, by means of a rigid rod (the length of the
rod is arbitrary, but we assume it is made of an extremely
light and rigid material) whose two ends are glued at
the center of the two opposed polygon-faces of the two
prisms, as indicated in Fig. 3.
 
roll-direction 
FIG. 3: A double-system formed by two identical prisms (here
with six rectangular faces) connected through space by a rigid
rod, glued on their two opposed polygon-faces.
Clearly, the connecting rod creates correlations be-
tween the n different rectangular faces of the two prisms.
Here we assume that the two prisms have been connected
in such a way that the correlations in question are those
described in Fig. 4.
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FIG. 4: The correlations between the n rectangular faces of
the two prisms, because of the presence of the connecting rod.
We assume that the glue used to connect the rod to the
two prisms is strong enough, so that if the two prisms are
hit together, simultaneously (in the same direction) they
will be able to maintain their connection while rolling,
i.e., to remain a whole entity. But we also assume that
the glue, although strong, is not as strong as to allow the
two prisms to remain connected if only one prism is hit
at a time.
In other terms, if we hit with the shooter only one of
the two prism, then, because of the inertia of the other
prism, the impact will cause the rod to suddenly detach
and fall, thus disconnecting the two solids (one of which
will then move in the roll-direction, whereas the other
one will remain still). On the other hand, if two exper-
imenters hit with two shooters both prisms at the same
time, then the torque experienced by the rod will be
much lower, so that the latter will not detach and the
two prisms will be able to roll together on the surface, as
a one piece entity.
V. VIOLATING BELL’S INEQUALITY
On the double-prism system we have just defined, we
perform four different coincidence experiments and show
that they produce a violation of BI. For this, we assume
that two experimenters (who we shall call experimenter
A and experimenter B) are placed close to each one of the
two prisms. Experimenter A can perform on his prism
(say, the left one) two different experiments, eAa and e
A
a′ ,
which are defined as follow.
Experiment eAa is the rolling experiment we have de-
fined in Sec. III: it consists in hitting the left prism with a
shooter along the roll-direction, then reading the symbol
marked on the obtained upper face, producing in this way
one of the two outcomes: oAa = +1, or o
A
a = −1. Exper-
iment eAa′ is much simpler: it simply consists in looking
at the prism’s upper face and check whether it is flat or
not. If it is so, then the outcome is oAa′ = +1, otherwise
it is oAa′ = −1.
Experimenters B can perform on its prism (the right
one) the same two experiments as experimenters A. In
other terms, eBb is defined as e
A
a , and e
B
b′ as e
A
a′ .
Clearly, all of the four above mentioned experiments,
when singly performed, can only produce the outcome
+1. Also, when the coincidence experiments eABab′ , e
AB
a′b
and eABa′b′ are performed by the two experimenters, the
only possible outcome for them is (+1,+1), so that ac-
cording to (1), EABab′ = E
AB
a′b = E
AB
a′b′ = 1.
The situation is however more articulate for exper-
iment eABab , which creates correlations between upper
faces. Indeed, if the two experimenters hit simultane-
ously the two prisms, then, as we explained, the rod will
not separate and they will remain connected as they roll
(the double-prism system cannot slide, but only roll, as
one of its two lower faces is always a high-friction face).
Therefore, according to Fig. 4, we have that the proba-
bility for the outcome (−1,−1) is zero, the probability for
each one of the two outcomes (−1, 1) and (1,−1) is 2/n,
and the probability for the outcome (−1,−1) is (n−4)/n.
4Thus, EABab = 0− (2/n)− (2/n)+[(n−4)/n] = 1− (8/n).
Inserting all this in (2), we obtain:
I = |1− 8
n
− 1|+ |1 + 1| = 2 + 8
n
. (3)
Eq. (3) clearly violates BI (2). It does so in a maximal
way (I = 4) for the case n = 4 of two tetragonal prisms,
and with a value which is very close to the quantum
mechanical maximum of 2
√
2 ≈ 2.83 for the case n = 10
of two decagonal prisms (I = 2.8).
Before continuing in our analysis, let us mention that it
was Diederik Aerts who was the first, in the early eight-
ies of last century, to conceive an explicit macroscopic
model with non-local correlations violating BI in a max-
imal way, [8, 9], as our double-prism system with n = 4
can do (see also Ref. [10] and the references cited therein).
An important difference between our double-prism
model and the historical (connected vessels of water)
model of Aerts, is that in the latter it is the fact that
the system is broken which is the mechanism responsible
for the creation of correlations, whereas in our model it is
exactly the contrary: it is only when the double system
is not broken that the coincidence experiment eABab can
produce correlations between upper faces (it is impor-
tant to distinguish “faces” from “upper faces,” as only
the latter are created in a rolling experiment: if we don’t
create upper faces, by rolling the prisms, BI cannot be
violated [10–12]).
VI. PARAMETERIZING INDETERMINISM
AND NON-LOCALITY
We want now to vary the amount of indeterminism and
non-locality in our model, to see how this can affect the
degree of violation of BI, thus elucidating their role in the
violation. First of all, let us observe that if the number
n of rectangular faces of the two prisms tends to infinity,
the probability PABab (−1,−1) = (n− 4)/n tends to 1, so
that in this limit, according to (3), I → 2.
One could be tempted then to affirm that the level of
indeterminism decreases as n → ∞, and that this pro-
duces a corresponding decrease of the degree of violation
of BI, contrary to what was obtained by Aerts and col-
laborators, who showed instead that a decrease of inde-
terminism produces a stronger violation of BI. [1]
This however would be a wrong conclusion. Indeed,
if by increasing n we can reduce the value taken by BI,
this is so because for each different n we have a different
physical system, and not because we are decreasing the
level of indeterminism in a given physical system. What
we have to do, instead, is to vary such level within a same
double-prism system, characterized by a fixed value of n.
There are of course different ways to do so. A simple
one is to consider that the two experimenters, who have
to hit the prisms in the rolling experiments, may not just
do it aimlessly, but trying to obtain the specific effect
of having the two prisms rolling over a predetermined
distance, thus producing a predetermined total angle of
rotation. Of course, this will make a difference only when
the two experimenters are executing the coincidence ex-
periment eABab , as is clear from the fact that when they
don’t hit the two prisms together (in experiments eABab′
and eABa′b ), then because of the extreme low friction of
the “+” faces (and the fact that, according to the proto-
col, they have to pull the knob firmly, i.e., hit the prism
strongly) they will not succeed in altering the predeter-
mined (+,+) outcome.
Now, let us assume that if the two players are success-
ful in producing the chosen rotation in the coincidence
experiment eABab′ , then, considering the state in which the
system was prepared, the outcome of the rolling experi-
ment will be (−1,+1) (or (+1,−1)). In general terms, we
can characterize the ability of the two players in obtain-
ing the desired effect by means of a continuous parameter
 ∈ [0, 1], such that  = 1 corresponds to the totally ran-
dom situation, of maximum indeterminism, when the ex-
perimenters hit the two prisms without trying to obtain
any specific result, and  = 0 corresponds to the oppo-
site situation where the two players are able to perfectly
control their shot and therefore produce the (−1,+1) (or
(+1,−1)) outcome, without fail. In other terms, by vary-
ing  from 1 to 0, we can decrease the degree of indeter-
minism in the measurement processes.
Following Ref. [1], we also want to introduce, in addi-
tion to the indeterminism parameter , an additional con-
tinuous parameter ρ ∈ [0, 1], characterizing the connect-
edness of the two prisms (i.e., the strength of the corre-
lations between the rectangular faces of the two prisms).
A simple and natural way to do so is to consider the pos-
sibility that, sometimes, the rod can also detach and fall
during the execution of the eABab experiment.
Let us simply assume that ρ corresponds to the prob-
ability for the rod of remaining duly glued to the two
prisms, when eABab is executed. This means that ρ = 1
corresponds to the case of maximum correlation, whereas
ρ = 0 to the case of absence of correlation. In other
terms, by varying ρ from 1 to 0, we can decrease the de-
gree of connectedness (non-locality) of the two entangled
prism-entities. Clearly, when the rod detaches, the two
prism will necessarily end their respective roll by show-
ing an upper face with the “+” symbol, and this means
that the outcome (+1,+1) is now also possible for the
experiment eABab , with probability 1− ρ.
Assuming for simplicity a linear variation of the prob-
abilities as a function of the ability parameter , we can
write for the four different outcomes of experiment eABab :
PABab (+1,+1) = 1− ρ,
PABab (−1,+1) = ρ+ ρ
(
2
n
− 1
)
,
PABab (+1,−1) = ρ
2
n
,
PABab (−1,−1) = ρ
n− 4
n
. (4)
Then, observing that the probabilities associated with
5the other three coincidence experiments are not directly
affected by the values taken by  and ρ (this because,
when the two prisms are rolled independently from one
another, they will inevitably end their run by showing a
“+” upper face), we obtain, after a short calculation:
I = 2 + ρ
[
2(1− ) +  8
n
]
. (5)
Visibly, (5) generalizes (3), and in accordance with the
analysis of the model in [1], we can observe the following.
Only for the value ρ = 0, corresponding to two totally
disconnected prisms, BI is obeyed, and this means that
it is the correlation between the two subsystems, i.e., the
non-locality ingredient, which is really responsible for the
violation.
Also, we can see that when we increase , i.e., the
amount of uncertainty in the outcome of the experiments,
we clearly also diminish the value of (5), i.e., the degree of
violation of BI, which means that, in accordance with [1],
not only indeterminism (associated here to parameter )
doesn’t contribute to the violation, but actually tends
to reduce it. Clearly, the maximum violation, I = 4, is
obtained for ρ = 1 and  = 0, i.e., for the situation of
perfect correlation and full predictability.
VII. DEPENDENCE ON THE INITIAL STATE
It is however important to observe that although in-
equality (3) is independent of the choice of the initial
state of the double-prism system (which can either be
(−,+), (+,−) or (−,−)), this is not anymore the case
when the outcomes of the experiments are affected by
the ability parameter . Indeed, for a given rolling dis-
tance (i.e., for a given total angle of rotation) that the
two experimenters will try to obtain, if we change the
initial state of the system, then we will also change the
expected outcome of the experiment, and therefore the
value taken by BI.
To see this, let us assume this time that the system is
prepared in a state such that when the two experimenters
can successfully impart to the double-prism the chosen
total rotation angle, the final outcome is now (−1,−1),
instead of the previous (−1,+1) (or (+1,−1)). Then, we
obtain the following probabilities for the four outcomes
of experiment eABab :
PABab (+1,+1) = 1− ρ,
PABab (−1,+1) = ρ
2
n
,
PABab (+1,−1) = ρ
2
n
,
PABab (−1,−1) = ρ
[
1 + 
(
n− 4
n
− 1
)]
. (6)
Observing once more that the probabilities associated
to the other three coincidence experiments are not af-
fected by the specific values taken by  and ρ, we find
after a short calculation:
I = 2 + ρ
8
n
. (7)
As we can see, (7) differs sensibly from (5), and the
effect produced by a variation of parameter  is now ex-
actly opposite: an increase of the level of indeterminism
(i.e., an increase of ) produces a strengthening of the
violation of BI, and not a weakening of it. Also, the
situation of full predictability ( = 0) is not anymore as-
sociated to a maximal violation of the inequality, but to
the non-violation of it!
VIII. DISCUSSION
We conclude with a few comments. First of all, it
could be objected that, contrary to the model explored
in [1],  is not the only source of indeterminism in our
model, considering that we have defined the parameter ρ
as a probability, and that the outcomes of the coincidence
experiments eABab clearly depend on whether the rod will
detach or not during their execution. In other terms, ρ
also contributes to the degree of unpredictability of the
outcomes of eABab .
This is obviously true, but cannot alter our conclu-
sion. Indeed, if we keep ρ fixed, then an increase of 
does actually correspond to a global increase of the level
of indeterminism in our model, which, according to (5)
and (7), can either reinforce or weaken the degree of the
violation of BI, depending on the state in which the sys-
tem was prepared.
In fact, our probabilistic description of non-locality in
the model highlights an additional mechanism through
which a variation of the amount of indeterminism can
affect the value taken by BI, in a way that is not unique.
Indeed, as regards the randomness incorporated in ρ, we
can consider that the situation ρ = 1/2 corresponds to
the one of maximum uncertainty. Then, when from that
value of maximum uncertainty we increase ρ, and there-
fore reduce the uncertainty, according to (5) and (7) we
increase the violation of BI, and this independently of the
initial state of the system. But when starting from the
same value ρ = 1/2 we decrease ρ, also in this case we
reduce the uncertainty, yet this time we decrease the vi-
olation of BI (which for the limit value ρ = 0 is obeyed),
independently of the initial state of the system.
Having said that, let us now explain why, when the
level of indeterminism is increased in our model, by in-
creasing , we can either increase or decrease the violation
of BI, depending on the initial state of the system. For
simplicity, let us set ρ = 1 (perfect correlation). Con-
sidering that in our model EABab′ = E
AB
a′b′ = E
AB
a′b = 1,
independently of the value taken by , we can write:
I = 2 + |EABab − 1|. Now, having assumed perfect cor-
relation, it is clear that only three outcomes are possible
for experiment eABab : (−,−), (+,−) and (−,+). Accord-
ing to (1), outcome (−,−) contributes positively to EABab ,
6whereas outcomes (+,−) and (−,+) contribute nega-
tively to it. Therefore, if the outcome of experiment eABab
is predetermined, and corresponds to (−,−), EABab = 1
and BI is obeyed (I = 2). On the other hand, if the
predetermined outcome is (+,−), or (−,+), EABab = −1
and BI is maximally violated (I = 4).
Assuming that we are in the situation where EABab = 1,
for  = 0, then by increasing  the system will start some-
times to also explore the outcomes (+,−), or (−,+), and
since the latter contribute negatively to EABab , their pos-
sible selection will cause its value to diminish, thus pro-
ducing an increase in the violation of BI. And of course,
the situation is reversed when EABab = −1, for  = 0.
The reason why Aerts et al. couldn’t highlight in [1]
this double role played by indeterminism in coincidence
experiments, is because the statistics of outcomes of their
model does not depend on the specific state in which the
system is prepared, but only on the relative orientation of
the measuring apparatus (as is the case in spin measure-
ments on singlet states, provided the direction of flight of
the entangled pair is orthogonal to the directions of orien-
tation of the Stern-Gerlach filters). Therefore, although
they have studied a model which is more elaborated than
ours (as meant to reproduce the same statistics as spin
measurements on singlet states), it was actually too spe-
cific to fully elucidate the question of the role played by
indeterminism in the violation of BI.
To conclude, we briefly summarize our results. In
agreement with [1], we have found that it is the aspect
of non-locality, expressed by the connecting rod in our
model, which produces the violation of BI, through the
creation of correlations between outcomes of experiments
performed in coincidence.
In agreement with [1], we have also found that by in-
creasing the indeterminism (increasing ), we can de-
crease the value taken by BI. However, we have also
shown that this is not a general fact: depending on the
state in which the system is prepared, an increase of the
level of indeterminism is also capable of increasing the
value taken by BI.
An additional source of indeterminism can also be en-
visioned, that was not considered in [1], associated to the
possibility of actualizing different degrees of non-locality
(connectedness) in a coincidence experiment. This pos-
sibility was described in our model by assuming that not
only correlations between “upper faces” had to be con-
sidered as potential before a coincidence experiment, but
also correlations between “faces.”
When we do so, we find that if the amount of inde-
terminism associated to this additional level of poten-
tiality is decreased, it can either increase or decrease the
value of BI, depending on whether the decrease produces
a strengthening or a weakening of the non-local aspect,
respectively. As far as this author can judge, it is still an
open experimental question to know if a quantum micro-
scopic system in an entangled state, like a singlet state,
has also a probability of “breaking” during a coincidence
experiment (in the same way the rod in our macroscopic
model has a probability of detaching), and produce in this
way uncorrelated outcomes, instead of correlated ones. [9]
A last remark is in order. The description of the
rolling/sliding behavior of the n-prisms must be under-
stood, as we already said, in an idealized sense. We have
never performed real experiments with systems of this
sort, and therefore cannot guarantee that the way we
have theoretically described their behavior, although rea-
sonable, would be perfectly adequate from the perspec-
tive of a real experiment. But of course, this is not an
essential point in the present analysis: what is important
is that the idealized system we have considered behaves
in a logical manner, according to coherent mechanisms.
The question of how to exactly implement such behavior
in real models, which can be subject to real experiments,
is a technological issue which goes beyond the purely con-
ceptual scope of the present note.
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